__UNCLASSIFIED
183 204

Repraduced
by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLASSIFIED



NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the saild drawings, specifications, or other
date 1s not to be regarded by implication or other-
wise as 1n any manner licensing the holde:r or any
other person or corporation, or conveylng any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.




Z @
ot

s

THIS DOCUMENT IS BEST
QUALITY AVAILABLE. THE COPY
FURNISHED TO DTIC CONTAINED
A SIGNIFICANT NUMBER OF
PAGES WHICH DO NOT
REPRODUCE LEGIBLY.



pureau Of

REPORT NO., NADC-AI-6036

PHASE I:

cataogep gy ASTIA

AS AD No.

’
G W

/
(2

APPROVED

283 244

Released 10 AS

triction."N VAL WEAPONS

githout red

U. S. NAVAL AIR DEVELOPMENT CENTER
JOHNSVILLE, PENNSYLVANIA

TIA by the

AERONAUTICAL INSTRUMENTS LABORATORY

10 JUNE 1960

REPORT ON
TEST METHODS FOR THE

SINGLE DEGREE OF FREEDOM INTEGRATING RATE GYRO
GYRO CHARACTERISTICS

AleA

JUL ] I%Z ’.\
@&th

TISIA
ﬁ/bfé{ﬁ;/ %ﬁq

REPORTED

R. S. Vaughn, Phyé&cist
Inertial Navigation Branch

’/ 4 Al Vémg/

’ reenland
Supt Instruments Division Z
\ (:
'J VU4 A’ }/tz/{/; L(ﬂf€2/

M. W, TI(AWICK
Technical Director




AERONAUTICAL INSTRUMENTS LABORATORY

REPORT NO. NADC-AI-6036

INTRODUCT ION

Due to the rapid advancement made in the development of inertial
navigation components in recent years, new techniques have been
devised to determine the performance of gyros. The requirement of
greater precision in measurement of gyro characteristics has
necessitated that new test equipment be designed, and that sources
of error heretofore negligible be considered. As is characteristic of
periods of rapid technological progress in a given field,methods of
testing for and stating characteristics of gyros vary widely from
gsource to source, There being nc standards established relating to
the testing for and stating of such characteristics, comparison of
different gyros 1s extremely difficult,

Project TED ADC AE-9205.1 was established for the evaluation of
{fnertial navigation components. In order to accomplish this project
an interim faciiity for inertial testing was established at the
Naval Alr Development Center (NADEVCEN). Various inertial component
test procedures and test equipments are being investigated at this

Center,

This report covers single degree of freedom integrating rate
gyro test methods, dealing only with the determination of the gyro
character{stics other rhan the gyro drift characteristics. Test
methods for the determination of drift characteristics will be the

subject of subsequent reports.

SIMMARY OF RESULTS

In the investigation of test methods, various manufacturers and
{nstitutions engaged in inertial component development were visited,
and test methods were observed and discussed, Technieal literature
concerned with gyro testing was also reviewed., Once the interim
inertial test facility was established, the various methods were
scrutinized in more detail. In conjunction with the evaluation of
inertial quality single degree of freedom integrating rate gyros,
various methods of test were used. In some cases, new test
methods were devised,

As a result of this background and study, certain methods were
determined to be preferable over others. The criteria for selection
are given in Section V of this report. Only methods consi{dered
sat{sfactory are discussed in this report. Details are given under
"TEST METHODS." All the methods described are designed for testing
the gyro after complete assembly, without disturbing the seal.
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CONCLUSTONS

It is oconcluded that due to the various test methods in existence,
and often due to the methods of analysis of test results, comparison
of characteristics of gyros is difficult unless methods of test are
specified., The methods contained in this report are applicable to
single degree of freedom integrating rate gyros where testing is
desired after completion of the finished unit.

RECOMMENDAT IONS

It is recommended that consideration be given to the acceptance of
the methods described in this report as an approach to standardization
of methods for determining the performance characteristics of single
degree of freedom integrating rate gyros.




AERONAUTICAL INSTRUMENTS LABORATORY
REPORT NO. NADC-AI-6036

TABLE OF CONTENTS

Page

(NTRODUCT ION . i

SUMMARY OF RESULTS i

CONCLUSIONS {i

RECOMMENDAT IONS i1

LIST OF FIGURES iv

LLIST OF TABLES iv

LIST OF SYMBOLS \Y

SCOPE: l
TEST METHODS

A. Phase Convention 2

B. Torquer Transfer Function 3

C. Signal Generator Transfer Function p)

D. Input Axis Alignment /

F. Spriny Constant Hl

F. Signal Generator Scale Factor 12

G. Damping Coefficient L4

H. Dynamic Friction 16

i. Non-Newtonian Behavior ot the Damping Flufd 16

J. Change in Damping Coefficient with Operating Temperature 1/

K. Angular Momentum 18

L. Torquer Scale Factor 18

M. Mechanical Transfer Function 18

. Characteristic Time 19

0. Gimba. [nertia 20

P. Natura!l Frequency (Undamped) 20

. Dampinyg Ratio 20

)

TESE EQUIPMENT
ROUPING OF TESTS AND ORDER OF PERFORMANCE

APPERND ICES A THROUGH E J4 through




Figure 1,

Figure

Figure

3
Lo

Figure 4,

Figure

9%

Fiygure A,

Figure

lable

A3

1

AERONAUTICAL INSTRUMENTS LABORATORY

REPORT NO. NADC-AI-6036

LIST OF FIGURES

Orientation of the Gyro for the Input Axis Alignment Test

Showing Relation of Input Axis Misalignment and Mount
Misalignment

Typical Photographs obtained from Characteristic Time Test
A Gaussian Distribution

Graph of Inclusion Probability Withim & Given Number of
Standard Deviations

Typlcal Least Squares Linear Fit

Typical Dividing Head Test Table

LIST OF TABLES

Data and Least Squares Calculations for Figure 6




Q

[

I
-~ 4

AERONAUT [CAL INSTRUMENTS LABORATORY
REPORT NO, NADC-AI-6036

LIST OF SYMBOLS

Coefficient of the zero degree term of a polynomial
Coefficient of the first degree term of a polynomial

Coefficient of the second degres term of a polynomial

Damping coefficient dyne-cm
rad/sec

Contribution to the damping coefficient grom dependence on
the square of gimbal angular velocit _135%59
1 3 = Y radZ/sec?

ith deviation from the mean of a function due to random
drift; a non-stationary, ergodic distribution

ith deviation from the mean of a function due to non-
linearity, & stationary, ergodic distribution

the sum of Jg(and dﬂ(

Signal generator output voltage (volts)
Undamped natural frequency (cycles/sec)

The sum of all constant error torques (dyne-cm)
Mechanical transfer function (dimensionless)
Signal generator transfer function (volts/rad)

Torquer tranefer function (3‘é§)

Angular momentum EZE%LSE
rad/sec

Input Axis

Torquer current (ma)

Gimbal inertia %%g%;§?2

N




—

AERONAUTICAL INSTRUMENTS LABORATORY

REPORT NO. NADC-AI-6036

LIST OF SYMBOLS

(Cont'd.)
Signal generator scale factor YOltS
ra
Torquer scale factor dyne-cm
ma
Spring constant dyne-cm
rad
: K ¢ =
Pscudo spriny constant R dyne-cm
5 volt

OQutput axis

Static restraints (dyne-cm) or (degrees/hr)
Static restraints with the gyro wheel off (dyne-cm)
Spin axis

Time (sec)

Torque (dyne-cm)

Torque about the spin axis (dyne-cm)

jorque about the inpul axis (Jdvne-cm)

Torque about the output axis required to hold a rull when 6, 0
Torgue about the output axis (dyne-cm)

otas torque
Mass unbalance aiong the snpin axis (dyne-cm) or (degrees’hr)

he input axis (dyne-cm) or (degrees hr)

.

Mass unbaldance ason.

Input axis aoovament tostoanyie (raa)
The aligoment o0 oA relerencs axis with respect to the horizonta!
reasured oo overtical plane containing the earth's polar axfs (1ad)




Ao lens dagladl U oDy dDeul T e S0t aris

AERONAUTICAL INSTRUMENTS LABORATORY
REPORT NO. NADC-AI-6036

LIST OF SYMBOLS
(Contld-)

Input axis misalignment with respect to the spin axis (rad)
input axis misalignment with respect to the output axis (rad’

Misalignment of gyro mount which appears as JTA misaliygument
towards the spin axis

Arimuth angle

7l
7
Is horizental senses zero angular {nput without compeasaling
tor statlc restraints

Azimuth angzle measured so that @' where the input axi

shput annse ohout the inpul ax!s

Gimba . culpult dligie d8 muasured by the signal genvvator
local tat{tude angle

standard deviation of random drife

Shetidard deviad fon ol Trmsyoness Traeatil.
oot standarg deviaty au

Sidracteristoe Same (sed)

Ao Voot s abounl the Inpul axio

HUOATIE T YA GRS dtcut e 1npul axXxad (Lad e,

" . . - 3 2 W .
[ Ll LAl Ul s anpgUldl Ve e LY A Tag b )

Lo et at vesccbty rad se)




AERONAUTICAL INSTRUMENTS LABORATORY

REPORT NO. NADC-AI-6036

SCOPE

This report is concerned with the testing of single degree of
freedom integrating rate gyroscopes. A certain techmical familiarity
with servomechanisms and gyroscopes is assumed, The scope of this report
i1s limited to tests which determine mechanical and electromechanical
characteristics of the gyroscope. In particular, gyro drift tests are
not discussed, This subject will be covered in & succeeding report,

The set of tests described is designed to be performed on a
completed, sealed gyro, Insofar as possible, the characteristics of the
gyro are determined without refarence to values quoted by the manufacturer.
The only exception in this respect is the angular momentum of the wheel,
This value can be measured very accurately during assembly of the gyro
and 1s the value least likely to change,

The more important performance characteristics, such as the
damping coefficient, torque generator characteristics, and signsl
generator characteristics are determined directly. Values required to
a lesser degree of accuracy are determined by calculation from relation-
ships derived from the gyroscopic equation of motion for a single degree
of freedom gyro (Appendix A). The assumption that a gyro will behave
a8 a system of no higher order than second {s implicit in these equations.
The effect of higher order perturbations is generally negligible, Certain
deviations from equation (1) of Appendix A which do not involve higher
order terms are accounted for principally as error sources such as the
non-newtonian behavior of the damping fluid.

In general, the tests measure the desired characteristic as
directly as possible. Emphasis has been placed on simplicity of test
method and equipment, Where possible, extraneous errors are removed
by the choice of test method rather than by computation or compensation.

The cholce of method for each test was made after careful comparison
and refinement of the various poassible procedures, All of the test
methods described in this report have been used successfully at this Center,

Although modifications of these test methods may be necessary to
ikeep pace with gyro development, the basic test methods should be usable
as tegting standards for single degree of freedom integrating rate gyros.

®

The discussions of test methods have been kept as general as possible,
{n order to apply to all types of aingle degree of freedom integrating
rate gyros. Certain common features are assumed, {.e. the torquer is a
direct current sensitive device and the signal generator produces an
output voltage related approximately linearly to gimbal angle. Where
the gyro design {8 {n conflict with these assumptions, modifications to
the various equations and methods may be easily effected.
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TEST METHODS

A. Phase Convention

The phase convention {s the interrelationship between the mechanical motions
of the gyro and the electrical signals associated with these motiens. The
phase rotation of the spin motor excitation determines the positive direction
of the spin axis and 18 given by the manufacturer of the gyro. The relation-
ships to be determined are the phasing of the signal generator output signal
for a given direction of angular input about the input axis, and the polarity
of the torquer signal required to civse the gyro loop with such an input,
These relationships are necessary to define positive and negative outputs from
the signal generator and positive and negative command signals to the torquer,

Technigue:

The gyro is mounted on a turntable with the output axis vertical and parallel
to the table axis. The spin motor {s excited with the phasing as specified
by the manufacturer. The input axis as defined by the exterior reference

on the gyro case is oriented approximately north so that the earth's rotation
produces a positive sense of input about the input axis. The gyro 1is
operated in the closed loop mode to bring the signal generator to the null
position, then the loop Ls opened and the phasiny of the signal generator
cutput ts noted, This phase is then by definition the "positive' output

trom the signal penerator. The gyro loop is then closed through the torquer
ind the polarity of the torquer signal is noted. This polarity {s then by
definftion the "positive" torque input since {t {s the torque required to
null oo positive input about the [nput axis.

“he phase convention determined above {s uwsed In all succeeding tests to
Jetermive the sign of the sfenal pgenerator output voltage (E,) and of the

rorgquer faput current (1),
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B. Torquer Transfer Function

In platform applications it is often desired to give command signals

to the gyro. These command signals will usually be proportional to the
input angular velocity, in order to maintain platform orientation with
respect to the earth or any other orientation program. Therefore, it is
necessary to know the function which describes equivalent input rate for
a given command signal to the torquer,

At the present time all torquers apply torque by the interaction of
magnetic fields., The control of the current in one field of this torquer
controls the command torque. The torquer transfer function i1s defined

as the change in Iinput angular velocity with respect to change in torquer
current required to hold the gyro at null, This function is normally a

constant,

Either of two basic methods may be used to determine the torquer transfer
function, A constant input rate may be applied and the torquer current
observed when the gyro is operated in the feedback mode, or a constant

current may be applied and the table rate observed when the gyro 1s operated

in the servo mode. In order to obtain a representative amount of data from

the first method, a quasi-continuous range of precise frequencies would be
required for a rate table since frequency control is usually used for precision
rates. For the secound method, however, a quasi-continuous range of precision
carrent would be required. Since precision currents are more readily
obtainable over such a range than are precision frequencies, the servo mode

rmethod {s preferred,

The alignment of the input axis with respect to the table axis {s critical
since any misali{gmment wili I{ntroduce an error {n the known amount of
carth's rate proportional to the saine of the misalignment angle. Tt {s
also desirable to maintain the plane of the output and spin axes vertical
in order to eliminate effects due to mass unbalance along the spin axis.
Thus the {nput and rable axes will be horizontal, and precisely parallel.
In order to eliminate effects of mass unbalance along the {nput axis,

the test is performed over an angle whose center is the orfentation with
the output axis vertical, since the mass unbalance drift will reverse
direction when the output axis moves through that point. In general, it
will be convenient for the {nput axi:, to be directed north, since rhe
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servo table is aligned in this direction for other tests, Thus eartn's
rate will be effective about the input axis. This effect is eliminated
by applying rates in both directions about the mean orientation of the

output axis.

There would be an exception to the servo method when testing at low rates,
which would require a long period of time for each reading. Servo tables
which have accurate readouts each one degree, for instance, would require
a period of several minutes to determine rates on the order of ten degrees
per hour. For rates of this magnitude and lower, the earth may be used as
a precision turntable., Any desired rate up to () cosX may be obtained by
positioning the input axis in the horizontal plane such that the input

axlis is at an accurately known azimuth angle. The angle is chosen to give

the desired rate by the equation: ‘r )
;= () cosh cosB

The absolute orlentation of the input axis may be found from the

value of spring restraint (Rs = o) determined in the spring constant

test, The output axis is oriented vertical so that mass unbalance torques

are eliminated,

The range of torques over which the gyro will be tested will of course
depend on the particular gyro and its intended application. If the gyro
Is intended for aircraft inertial systems, the range of equivalent input
rates should inciude values below and about earth's rate. For ballistic
appiications, higher rates should also be considered. For low rates the
random drift rate of the gyro may not be inconsiderable and will often be
of the order of magnitude of non-linearity of the torquer or higher. The
equation for sepavating the rms non-linearity and random drift is derived
in Apperdix C, For accuracy of both the torquer transfer function and the
ms Lon-inearsty, oo minimom of a dozen Jdata polnts {s considered a

csulticient number.,
fvchniﬂpe:

High Rates: The inpul axis Is oriented parallel to the table axis
accurate.y horizontal! and north.  The output axls 1s rotated about the
tab e axis an angie e off the vertical, The gyro is operated in the servo
mede, W th various vaiues ¢f precision constant current ( [, ) applied to
the torquer, The gyro is allowed to servo the table from 4 to -o and then
trom M ioo v once move.  The twe traversa. times are recorded. The

equivalent input rate for each vaiue of current i{s then

)
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The positive sign is chosen if the table moves in the opposite direction
the second time. The data is then treated by the least squares method
with I, as the independent variable. The slope thus obtained is the
torquer transfer function, G,. The intercept is an indication of the
statistical reliability of G¢; the intercept value should be very nearly

the value of the static restraint.

The standard deviation (J3 ) from the calculated slope is computed. The
rms non-linearity (7} ) is calculated from

(A A kR
0, =% -G (3)

where Jp 1s the standard deviation of the random drift,

low Rates: The output axis is positioned vertically and the inpur
axis oriented in various directions in the azimuth plane. The gyro is
operated {n the feedback mode; the torquer current is noted. The input
rate is determined by equation (! ). The data i{s treated in the same
manner as that for higher rates described above, with the same
significance attached to the results.

(", Signal Generator Trangter Function

rhe method of detecling precession of the gyro in an {nertial system
application is usually bv the detection of voltages ygenerated by a
vartable reluctance device such as an E type transformer, The signal
geverator transfer function i{s defined ag the rate of change of output
voltage with respect to input angle, This characteristic of the gyro
{s useful in determining the amount of gain required in servo loop

anplications.  The signa'! generator transfer function i{s definca so as
v inc.iude the effects of the spring restraint and the change in input
iwts orfentation with rotation about the output axis. Therefore, the
coro s considered as a "biack box." The effects, however, must bu

g
accounted lor {n determining other gvro characteristics (see Signal

genetator Scaie Factor), but need not be considered here,

The method of determining the signal generator transfer function is
~implv to apply angular rates about the input axis and obgerve the rate
ot change of signal generator voltage with the gyro operated in the open

Joop mode,




AERONAUT [CAL INSTRUMENTS LABORATORY
REPORT NO. NADC-AI-6036

The gyro could be mounted with the {nput axis parallel to the table
n#ic with rotation of the table being used to introduce Input rates.
Uinder such conditions mass unbalance effects would have to
he considered. To eliminate the mass unbalance effects, the output axis
may be maintained vertical., The earth itself may be used as the
precision turntable.  1f the output axis is parallel to the table axis
are vertical, the turntable may be used to position the input axis such
that {t 1s sensitive to any desired portion of the horizontal cemponent
o earth's rate, I rhe gyro is then allowed to drift off null in
respouse to the chosen input rate, the rate of change of signal generator
output voltage may be observed and the signal generator transfer function

thirs dJetermined,

11 shoald he noted that in the open loop mode, as the gimbal rotates
anost o the oceput oaxis, the true input axis changes in orfentation, Due

‘o thes ~herge in orientation, the input axis will sense a varying

e ontoot earth's rate, Usually, tbhis change in orientation will be

small and will contribute a s!ight non-linearity to the signal penerator
transt-r function, This non-linearity is least pronounced near null,

and since this is the region of operation in most applications, it is
convenient to quete the stope of the curve in this region. Forexample, in
g gyre where (;, - 1, sad the zyro input axis is R5Y from notth,

e ra-liveartty chie to chaipe o true Pnpul o axis orientation will
contirl te s erear of abovt 0,17 to the nall value of GS if the test
e P minntas

e inpur rate chosen will depend principacly on the required resolution
ot ime meascreaent,  CThe rate should be Tow enough that the accvracy

forfime wntem 1 between i tape teadings is osuffrcrent for an accurate

decc et e o caorement o iaput anle,
'( 1 e
, Btk
. T i I D] F o« £~ 1..-,]"" l
- o myn b wrth the cetput axds veriical o and parallel te the
*lopted G Chaer cnant a1 posrtrened toodan adcarat ey known
RO Tt est s s s o pive the desired dnput orate.
Pee e e e e So ) thpeayggh o see ek Toops Tne feedback Toop is then
daenelt . A Dresciectea intervars of time, the siynal generaltor voitage
1 '
ter e gy peclians LR Yat e wnedh Coocacculace the total rapnt
Y O (U I A R L
/ r
I/‘ = = e B W :/,'\L G ‘// /L‘/
7 d
e st sqgrares siope 1s then cocoal e b Csee Appendix k) owith the

Par e Sty na: generdror oo as fne cepeadent vartabie, This slope

‘,;«. Gate s b ese e ise t thg e slope e representative of the
Vv =1t oy vveoowhere L b et sentdlive o T ermal
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D. Input Axis Alignment

Since inertial systems use orthogonal coordinates, it is necessary
to know the precise direction of the input axis of the platform
control gyros. The input axes must form an orthogonal set in

order to eliminate cross-coupling of input rates, For mounting
purposes, the input axis must be defined with respect to a reference
on the exterior of the gyro. The reference may be a plane to which
the {nput axis is normal, or a notch which defines the input axis in
a given plane, The accuracy to which such a refarence defines the
true input axis of the gyro is the input axie alignment accuracy.

lhe determination of misalignment of the input axis with respect to
both the output and spin axes 1s desirable, since this will give the
magnitude of the cross-coupling effect directly. The Cartesian angles
vhich are uctermined below are small, and may therefore be assumed to

he fulerian angles also.

Since the single degree of freedom gyro is sensitive only to components
ob angular rotation about its input axis, rotation about the output
atd spin axes should not produce an angular displacement of the gimbal
‘ssembiyv with respect to the case, If the true input axis is misaligned
vith respect to the output axis an amount 9p, or to the spin axis an
ameunt o, compenents of the rotation applied about these axes will
be sensed by the true input axis in a magnitude & = W. . S,
or -\Jfén\gp . which for small angles is &= &mO,, OT o)‘n<wpgp
foohetd crrors to a minimum it is not necessary that precise alignment
. tno votation vector with respect to the output or spin axis be
achieved, only that the rotation be precisely orthogonal to the
1iterence {nput axis. A misalignment of two degrees with respect to
*i insensitive axes will contribute an error of only 0.06% to the
misallzament angle, as long as the rotational input {8 orthogonal to

thie reterence (nput axis.,

verder to obtain a test procedure which eliminates as many extraneous
vttects as possible, consider the major error sources, Consider a
ctneral orientation obtained in the following manner (See Figure 1).
‘b wpin axts {s initially horizontal north (SA)) with the output axis
vertical(0Ay). .f the gyro is rotated an angle S about the reference
irour axis (TA1), then through an angle o about the new position of spin
axis (SA2). the general orientatlon (SA3; JA3) will be shown in Figure 1.
Mote o that a zest anguiar rate «J).about the spin axis (SA;) will change the
Qg e A, For a test rate o), about the epin axis (SAj), the total effective

noul orate will bey
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@, = QM@M+EM)+(R+(AW/3+UMQN/8M ox) + £ oo o;\-(l—/o (5)

where €,.1s the misalignment of the spin axis with respect to the test
table axis, in the direction of the reference input axis (see Figure 2),

U” and LL are mass unbalance terms along the spin and input axes,
respectively, and L) is the earth's rate.

Note that there is no orientation for which the unbalance terms disappear.
The functions in table angle « about the spin axis are odd functions,
however, therefore they may be averaged to zero by driving the table

At g constant rate W.from + X to -&, giving an average effective rate of:

ARE a;m(gm+e,,> +(R - Umﬁ) ()

In practice, the angle/3 is chosen as nearly as possible equal to zero,
[f the table {s then rotated in the other direction, from - & to + &

CUI/: —wm(gm+em> +{R+U,1fom/3> (7)

then the restraint and mass unbalance terms may be extracted, glving

/

q =
d = Zri (8)
C Clm
It the gvro {s then rotated 180° about the spin axis in the mount, the
contribution from mount misalignment will be reversed, giving

. /

\ - ™ = (q)

e

and this error svurce may be eliminated,
A simiiar analysis for rotation about the output axis will yield equations

similar to (8) and (49), with the desired mean orientation beiny output

axis vertical and input axis west,

lhese tests mav be performed irn the feedback mode of gyro operatlon with
the feedback current moniteored. The input {s applied as a constant
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angular rate which must be of a fairly high magnitude. For instance,
to determine ten seconds of arc misalignment to two significant
tigures, assuming the torquer current is accurately read to the
cquivalent of 0.001°/hr., the minimum table rate necessary is 200°/hr.
Rates used in tests of this type are usually much higher in order that
the earth's rate contribution may be averaged by the relatively slow
rvsponse of the readout device. Also the time over which the output
is averaged should be small so that random drift is not a consideration,
yvet an integral number of cycles of the table should be included.
These considerations also necessitate a higher rate for the table,
This method may prove damaging to the gyro. High rates about the
cutput axis cause induced torques on the output bearings which are not
accompanied by an output from the signal generator. Large forces may
thus occur at high angular rates which may seriously damage the output
axis bearings.

Instead of considering the input and output torques, or the equivalent
rates in the feedback mode of operation, an open loop method may be
used, Rather than rates, their time integrals, the total angles, are
now considered. For this method it is still necessary that the time be
small, To eliminate the need for an integral number of cycles, the
tests are performed in the orientation where effective earth's rate and
effective mass unbalance are small and reverse sign, The mean orienta-
tion required for angular rate about the output axis {s output axis
vertica' and input axis cast, The mean orientation required for
ansular rate about the spin axis is spin axis horizontal north and
outpat axis vertical. TIf the tabic is moved through a small angle
centerced at this mean orientation in the open loop mode, the cffects

o mass unbalance and earth's rate will be nullified, The table would
move ot A copstant rate since it is the time integrals of these
quantitics which must cancel.  For a gvro with a mechanical transfer
tunction of ten, an increment of ten degrees (lSO) s sufticient to
cetermine the misaiignment within one sccond., It is necessary to apply
a fairly high rate in order to reduce the time of travel, but this rate
aced net oexceed 2007 hr, for the instance above so that the total time
is o thiee minutes.  In general, an accuracy of one second In measurement
of the misalignment is not necessary, Further, the wide variation in
franster tunctions wili affect the choice of angles and rates to he
woed an the test, Althouph higher rates will not he damaping when
aprtied about the spin axis, rates about the input axis should he

beow .a”()\) hr,

qQ
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The open loop method is preferred principally because of the much
tower input rates which may be used. The technique described below
bas been used to dJdetermine misalignment within 3 seconds., The input
wis applied manual!ly through the fine adjustment of a dividing head,
vhviating the necessity of using a motor driven table,

Trchnique:

The pyro mount is aligned with the input axis normai to the table

axis. The spin axis is parallel to the table axis and horizontal north.
l'he table is positioned such that the input axis is west, then moved
throueh the angle « (see Figure 1),

The torquer loop, which was closed to maintain the pyro at null, is
opened,  The table is then turned at a uniform rate through the angle
Yo pesitive about SA, the input axis passing through west. The
cutpat of the signal gencrator (E,l) i1s read immediatelv. The torquer
foop is closed once more to bring the gvro to null. Open the torquer
leop. how reveyee the direction of table rotation so as to move from
-o¢ to ¢, and record Eg2.  Then rotate the gyro in the mount 180°
about the spin axis and repeat the entire procedure, recording Kg3 and

l‘:,)v'i .

Cate muat o be o taken inocach cyge to record the phase of the output
o raee In ccorcanes with the phase convention determined in
1"

A UPhane Seavent Lo, The misaiignment of the input axis

with o respect to the spin axis 1s then siven by:

R ot - L
oy L —l% i3 .
e 'Y y AN
- ——— (/b}
- 7/
&
Jf_]":.\(
St e gt e s vert ieal with the output axis of the pyro
vty lel to che tahle dxis, The table is positioned such that the

ot st i owest then movee through the angle &, Repeat the

Sbeve e ooyt wet ertmibe e
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E. Spring Constant

The spring constant is the rate at which the torque about the output
axls changes with gimbal angle for a constant (zero) torque about the
true input axis. This torque arises principally from the flex leads
which are used to convey electrical signals from the outer case of the
gyro to the floated gimbal. These flex leads behave as tiny springs
and give rise to spring-like torques (spring restraint) which are
proportional to gimbal angle. The spring constant is also of value in
determining the servo dynamics of a loop in which the gyro is used.

The unstrained position of the flex leads does not in general coincide
with the gimbal null as defined by the signal generator output. If we
define the gimbal output angle as measured by the signal generator as
8,, and define the gimbal output angle where the flex lead restraints
are zero as Ogp, then the equation of motion of the gimbal {s -

T6,+ (6, +KQ-KO,, = He (1)

where the last term on the left is a constant, This is what {s commonly
called the static restraint Rg =, for the wheel off. 1If we then
consider the gyro equation of motion with the gimbal motionless, the
internally generated torque is -

T= KB, + R, (12)

1f we then measure the torque necessary to hold the gimbal at given
angles by using the feedback loop, the static and spring restraints may
hoth be determined.

In general, the gimbal angle will not be known since the signal generator
scale factor cannot be determined without some knowledge of the spring
restraint (see Section F "Signal Generator Scale Factor™). This is not

2 circular argument, however, The units of the torque term K8, must be
in dyne-cm.. Since in the actual test for spring restraint the gimbal
angle mav be uniquely determined by the signal generator output voltage,
we may define a pseudo-spring constant K! as the torque per volt of
signal generator output. Thus the above equation becomes -

T=HKE + R.. (13)

Once K* hag been determined, the torques arising from the spring restraint
1n the togt for signal generator scale factor (Section F) can be
computed, When the signal generator scale factor has been determined,

K may be computed from -

K= Kk, (1)

11
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These manipuiations do not affect  R(g o), since this value Is calculated

S '.U'[qU( gt Tequl res I conversion.

i h

G L LI
vhe ,vro fooaounted with the output axis vertical and parallel to the
turntabie wxis.  The gyro wheel remains unenergized., Using a feedback

toup, the torque required to null the signal generator output voltage io
reccorded.  The feedback loop is then operated so that the gyro is servoed

to varlous signal generator output voltages selected to be representative of
the range of pimbal angle, with proper regard to signal generator phasing.
e opseudo-spring constant k! is then the slope of the lease squares line
ith r as the independent variable. The torque intercept R (g = o) is the
staric restraint and should be very closelv the value of the torque measured
cenerater null, which {s a check on data vellability,

ity el

the sipnal generotor scale factor {s determined, the true spring constant
s Ve / f
K i }< [3 \‘J

B Jiﬁh.‘ Henerator Scale Factor

Once
iy calcutared from -

eoranan cnerator ecale Factor i1s deflined as the rate of ehange of
o osooral, usua iy g oveltage from the signal penerator with respect
Coochiye noaimbas output angle,  Although the signal transfer function
ool mere use in opratfomm computations, the signail penerator scale factor
v orequircs for computation in other tests for ovro charactoristics and iy
crofabercer valee T itselt o in doetommining compliance with specitications,

Sriendties dnberent in measuting this value,  The fivst

b 7 iy g Bree ¢

baotbhat i ore o ertecior e chandcal reference onomont gvros which

A re gy qurant i tative indication of gimbal mevement, "he second s

chat the Lot restralint, beine o linear tunctoon of the pambal output
ey tsodiices o bias Tunction when tiving Lo determeae the sipnal

TIERNGAE - rSCalhT ESESNLY Thivd, any chaage tnodmbal oo le chatges the

et gtion od the o spin vector and thus the true input axrs,
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The following development leads to a technique which has been used
successfully with gyros having low random drift rates (below 0.01°/hr.).
Attempts to use this technique with gyros of higher drift rate have been
aborted since the random drift tends to mask the small quantities involved.

The steady state equation of motion for a gyro in a stable orientation may

be written:
“7-: //Cd( + k<é& " ;:- (75)
those due to
where F 1is the sum of all constant torques such as restraints and/ mass
unbalances. Assume an orientation with the output axis vertical and the

input axis an angle 8 from north, Then

= Nﬁm>m5)+/(6l+F (%)

The torque may be measured by maintaining the gimbal position by the
teedback loop and measuring the torquer current. If the gimbal is held
at null by the feedback torque, the spring restraint term is zero. If

a bias is set into the feedback loop so that the gimbal is held off null
an angle 46, then the true input axis will be misaligned in the
azimuth plene by an angle 46 =44.

"he change in torque is then

DT = = JHO) coehpir 648, + KA, (7

'he unknown quantities in the last equation are K andc{%, and it 1isg
assumed that the signal generator voltage corresponding to 46,15
determined by the blas in the feedback loop. A is not known explicitly,
but the entire torque term KH%%may be determined from the pseudo-spring
constant determined by the test of Section E "Spring Constant." Since
che spring restraint torque f{s K’E,, then

A7 = kb, = k4L, (%)

"he pseudo-spring constant K1 having been determined previously and
given as one of the controlled variables of the test, the
cocrement of gimbal angle is then, substituting increments for

ntinitesimals, _—
AT - AT /)

S = = /’?/
e /JA.LC£2)~CDCé; (

13
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With regard to the chojice of azimuth angle 8 to be used in the tést,
it is desirable that 2L be as large as possible, since the tendency
is for the value to be small nocrmally. The condition for 6 is then

0 =9C. Thus the input axis should be nearly east.

Ipchnigu;:

The gyro i{s mounted on a turntable with the output axis vertical and
parallel to the turntable axis. The input axis 1is oriented east and
the gyro is nulled through the feedback loop, The torque required to
maintain the signal generator at a uull is recorded a8 To . A bias
voitage 1s inserted in serfes with the signal generator output voltage
so that the gimbal position would be offset from the normal null
pusition, by angles selected as representative of the gimbal range.

The teedback torque ((T¢ ) is recorded for each such orientation of

the pimbal.  Fer each signal cenerator volrtage chosen, the gimbal
anele 15 calculated from -

r — KE—D \-—7:""/0 [26\)

- ;- N . ;l
~Ll U A A

coonie venerater scale facrtor mav then be calculated as the slope
ooeant squares Tine with the gimbal angle as the lundependeut
var ol e and the signal vencrator voltage as the dependent variable.
fhe velraepe rntercepl shoule approximate the gimbal null voltage,

i, l».ej.xlr“l_';& _\,'_ _v_l iosent

the Tt e chdractetistie of g ogvire arises trom the use of
cus campiay Uour ., Thrs tlurd 18 often used for floatation
Lo e amsemb L as wol b The damping coetticlent, €, 18 the

TR TR i the tovque procuces by the viscous shear of the fluid as

the assembly meves throwen o1, ke magnttuce ol this coefficient
VU s e e hanL g T ranster funeticn of the gyro tor oa piven
VYL Mt “voa daertia.s system which uses the pyro gignal

TRC NI Y b e teoa nus L the damping coetficient s

foame st e o 1tn o eftecs o the Schuler tuning of the
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Since the sbear of the damping fluid appears as a torque about the
output axis, a torque applied about the output axis is balanced by
the torque exerted by the fluid with a constant output axis angular
velocity. The damping coefficient can be expressed analytically by -

g

=il (=)
Qo

Thus by applying various known torques about the output axis through

the torquer and observing the output angular velocity, the damping

coefficient may be calculated.

[t is important that the torque be accurately known, For this reason
the orientation of the gyro in test should be such as to eliminate as
many sources of error torque as possible, that is, the output axis
should be vertical to eliminate mass unbalance effects. The orientation
of the input axis need not be considered since the test may be performed
with the wheel off. The presence of wheel spin does not affect the
damping in any way, and this eliminates exterior angular rates.

In order to eliminate error torques such as static restraints and
spring restraints, the torque 1s usually applied first in one direction
and then the other, and the corresponding output angular velocities

are averaged. The gimbal displacement range 1s usually centered at
null to take advantage of a wide gimbal angle for test,

Technique:

The wyre is aligned with the output axis vertical and the gyro

wheel remains off.  An accurately known torque {s applied about the
output axis through the terquer. This torque is applied after the
gimba! has been offset by an angle greater than 8,30 that the gimbal
will be rotating at constant angular velocity when it pagses through
the angie 8y, thus eliminating gimbal inertia effects. The time {s
recorded which {s required by the gimbal in moving through an angtle
280, f{rom «8q to -8, as measured by the signal generator. The test
is repeated with rthe same torque moving the gimbal through the

anpie -8 to +85. The entire procedure is then repeated with other
vaiues o? torque to obtain at least eight sets of data. The range of
torques should be selected so that the operating range of the gyro (s
icequately represented.,  For each value of torque, the angular rate
{s then computed by -

{,+’f1 \ R
o, Eh’ —7_7::——) KEZJ

where o and T, are the traversal times in each direction. The

¢

L5
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torques (7)) and corresponding angular rates (<)) are then used to

calculate the damping cocefficient by the slope of the least squares
vquation (Appendix D).

T =
6 — SN — i, /
= 2 9~)
" 2 —
. = WS

where T is the torque preduced bv the torquer (T k- Ir bk

. Dynamic Friction
Mic cynemic friction is a measure of the dissipative torques vhich do
net procuce angul.r motion of rhe gimbal about the output axis., The
cata for determining this valuce is rhe same as cbtained in the test
for determinine the damping coeificient (Section G "Damping Coefficient'),
The deteveent of the leasr squares line on the torque axis as obtained
from thee date §s the dvnamic friction torque,  Care must be exercised,

hovever, that the iatvreent so obiatnes 1o representative at the pimbal

A LT v oty o mero, hun, the cata should inciude Tow ansalar
R L5 P TR Leodarereept ontereined Lo the Tinear reivn near sero
av vl vedcevty, Lo that the dependence of the demping coetlicient

v hraher enyee terms of the power ceriens is nepliyibl..,

wam et TebvionF otk Damping Fluid

coonie T the dmmin coctricient (Scelion 6) 0L was oo sumed that
G torque s oa irear tunction of psimbal cnpulnr velocity,
Fiy Vo te ke s g ewtonian tluia, In fact, however, o
N Al ot Couda o with onot so belave, [f te shear torque depends on
hiviarr coeree terms of the wimbas anead v veloceite, the mechanical
transter tuinct ion, and hevce the sorve codin, wiltl not pemain constant
i TSl PRty s
g eoctcont e ot che s Uorgque onc cdnbal o angular ve focity may
Foo Blem wartiomme o s Rdam 00 @ ampRTL eE GevEvaarEE=rg ks r mendesn Do 4
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the rapidity of convergence, a figure of merit chosen is the relative
dependence of the damping torque on the square of the gimbal angular
velocity. The shear torque may be written as

_7_’:: Clo'+ CL/CL% + Clztgjoa 624)

where 4, 18 the dynamic friction (Section H) and 4,1is the damping

4
coefficient (()(Section G). Let @, be called(’. The corresponding
equation for a Newtonian fluid is

T=a,+ a,w, (25)
Thus the error torqug;is
T-T =4T=('w (26)
and
AT _ ('
T = -g-wo p 12T
n

ignoring the dynamic friction as a constant. The factor ¥r 1
Equacion(?ﬁis the figure of merit desired and gives the relative error
torque as a linear function of the gimbal angular velocity.

The method of calculating a,, C g and C’ for the assumed form of the torque
function as in (24)is given in Appendix E.

J. Change in Damping Coefficient with QOperating Temperature

The viscosity, and thus the damping coefficient, of the damping fluid

in a gyro is usually quite sensitive to temperature. In many cases the
gyro case containse a heating element which is designed to maintain the
damping Eluid in a narrow range of temperatures. Moreover, a stable
platform is usually temperature stabilized., Thus the dependence of the
damping coefficient on gyro operating temperature is an important design
figure in temperature controllers.

Most gyros whiah have integral heaters use temperature saensitive resistors
{n the gyro as a fourth element in a bridge control circuit. In order to
change the operating temperature, it is necessary tq pad the sensing
resistor so that the bridge balances at the desired temperature., In order
to select the proper padding resistance for a given temperature, it is
necessary to know the temperature coefficient of the sensing resistor.

1
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After choosing the desired padding resistors, the test for damping
coefficient is repeated at the various temperatures. The change in

damping coefficient with operating tempcrature is thus given by the
least squares slope of damping coefficient versus operating temperature,

K. Angular Momentum

The angular momentum of the gyro wheel is the principal measure of
gyroscopic action and in combination with the damping coefficlent
pives the physical relation between input and output angles, The
angular momentum is defined as the product of the moment of inertia

of the gyrvo wheel and {ts angular velocity. For use in the gyroscopic
cquation of motion, it is convenient that the units of the angular

N D -
momentum be LYne-cino

rad "sec

1tois impossible to measure the angular mementum of the wheel
accurately once the gyro has been assembled., The value is usually
precisely quoted by the supplier and it is preferable to accept that

value 1{n all computations, unless the gyro is to be disassembled.

l.. Torquer Scale Factor

the torquer seale factor Is the ratio of change of torque with
veencet Lo chanpe of torquer command signal.  Terquer command siynal
iousualiy defined {n terms of direct current (See Section B). This
vilue is not independently valuable if the torquer transfer function
P knowm, Tt {s related directly to that value and may be calculated
romorlony the equation:

e, =l H (28)

M. Mechanfcal Trausfer Function

Ty nesndcal tran Sor tunciion is definee as the ratio of gimbal
sut at oar le to ansular input abeut the input axis.  The value may he

ki (29)

cemout e frem

Tht value 1o the mechanical gain through the gyroscope and is, of

cotree, wamensionless,
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N. Characteristic Time

The time of response of the gyro is of prime importance in the
design of the servomechanism which is the inertial platform. The
measure of the response time of the gyro is the characteristic time,
which {s defined in a manner similar to the characteristic time of
other electro and/cr mechanical systems.

The characteristic time is defined as that time required for the gimbal
output angle to reach'é‘of its steady value after a step input angle.
This definition is then consistent with the concept of characteristic
time for other systems. As is often the case with mechanical systems,
the step input is difffcult to obtain in the laboratory for displacements.
Since the gyro behaves as a second order system, the ramp input may be
used to determine the characteristic time. Thus 1f a ramp function of
input angle is applied after a time large compared to the characteristic
time, the function of output angle, and thus output voltage, will be a
ramp displaced along the time axis by the value of the characteristic
time., Thus, if the linear function of output angle is determined, the
intercept on the time axis is the characteristic time.

The ramp function of torque may be easily obtained by applying a constant
current to the torquer at time zero, The inductance and resistance of
the torquer should be measured and the characteristic time of the torquer
cemputed,  This value should be several orders of magnitude smaller than
the expected value of the characteristic time of the gyro. This should
also apply to any switching devices used in the measurement.

Techniqu:

The gvro is mounted with the output axis vertical and the fnput axis
is vriented so that there is no input rate to the gyro. The feedback
toop e ocpened and simultancously a constant current fs applied to

t
the torquer,  The act of switching the constant current on {s used

S

ta rrieger a single sweep on an oscilioscope. A camera whose shutter

I+ open «during the operation photographs the trace,

*
b oamplitude o! the trace and corresponding times are recorded {rom
She photograph over the region exceeding three times the value of the
exnocted havacteristic time., The incercept of the least squares line

ot time as a4 function of amplitude is obtained., Although the least
squares method f< sometimes unnecessary, it will pive greater accuracy,
cartocatarey when the signal penerator carrier frequency has any degree
cromodulatieon, A sampic photograph is shown 1n Figure 3.
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FIGURE 3
TYPICAL PHOTOGRAPHS OBTAINED FROM CHARACTERISTIC TIME TEST
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0. Gimbal Inertia

The inertia of the total gimbal assembly is easiest determined before the
nvru is assembled, It may be calculated, however, once the damping
coefficient and the characteristic time have been determined. From the
cquations of motion (Appendix A):

o 30)

1 -0~ (31

P. latural Frequency (Undamped)

1

“he undamped natural frequency is the frgguency at which the gimbal would
cucitlate in the absence of damping. [t is of value in servo analyscs
involving the gyro, because in servomechanisms second order systems are
usually characterized by the damping ratio and the undamped natural

frequency,

Slthough both the damping ratio and the undamped natural frequency may be
cvtermined from ocomplex dvnamic tests, it is casier to calculate the
niecwped natural frequency from equation o5 cerived in Aopendix A,

i (N L

.. fb?ﬁf“ RJ&E}

amping ratio as detined as the ratio of the dapin, cocfffcicent
¢ che critical damping.,  This value fu useful for analvsis of the pgyro
crvo toep, The damping ratio may be calculated tirom previously
Pea aat g,
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TEST EQUIPMENT

A discussion of the equipment necessary to perform the tests
discussed herein must of course be restricted to generalitieas, The
particular requirements of test and operational equipments will vary
widely from gyro to gyro.

For the measurement of electrical signals, various voltmeters,
ammeters, and phase meters are required, With the present trend toward
minute torquer control currents ( (3y), a microarmeter is essential. A
precisely regulated source of constant direct current and/or voltage is
necessary for such tests as that to determine the damping coefficient.
The oscilloscope used in the determination of the time constant of the
pyro should have a negligible rise time compared to the time constant
beiny measured and should have provisions for external triggering of a
single sweep.

The characteristics of the wheel supply and the heater controller,
if anv, will be specified by the manufacturer of the particular gyro.

A servo amplifier is necessary to provide command signals to
the torquer in response to the output of the signal generator,such
that output is held near a null., The form of such an amplifier for
a ¢yro which has a d,c, torquer and an a.c, signal generator is usually
an oamplifier-demodulator combination, The principle requirement of the
seivo dmpiifict is tuat the gyro be held as nearly at null as possible
tor the given conditions to be imposed. For the spring constant and
siynal generator ecale factor tests the servo amplifier should include
provisions for holding the gyro to selected off-null positions.
Electronic damping must usually be provided in the servo amplifier,
particularly for gyros which have a large value of (m, and thus a large
mechanical gain factor,

The most pencral test stand used In these tests is a precision
turntable which allows adjustment of the gyro about two axes. The
tabies used are dividing heads such as that shown {n Figure 77, having
anvuar readouts about the table axis accurate to values ranging from

B

two Lo ten are seconds.,

21
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FEGURE b
TYP'CAL DTVIDING HEAD TFEST TABLE
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A servo table is used in the torque generator transfer function
test, A servo table provides an input angular rate to the gyro in
response to a signal from the gyro signal generator in order to maintain
that signal near null. The requirements on this table and the associated
electronics are similar to those on the servo amplifier used in the
torquer mode of operation. The table must also be provided with a
precision readout of angular position, Although rate tables are not
used in the tests described in this report, they are useful in tests
which will be described in future reports.

Although dynamic characteristics of the gyro,such as the damping
ratio, the undamped natural frequency, and the characteristic time may
be determined using test stands which introduce programmed dynamic
mechanical motions, there are many problems with even the simplest of
these., For most purposes, the accuracy obtained by calculating the
damping ratio and undamped natural frequency from previously obtained
values 1s sufficlient,in that these values are used for the design of the
basic platform servo loop and are not generally required to be precise

values.

GROUPING OF TESTS AND ORDER OF PERFORMANCE

Although the order of performance of the described tests 18 flexible,
certain values obtained will be useful in other tests which are not
described in this report. Furthermore, certain tests, due to common
tcatures such as orientation on the test table, may be conveniently
vrouped together, The preferred grouping and order of performance {s
siven below, Justification for the selection then follows.

[ Phase convention

I1-A. Torquer transfer function

[1-B. Signal generator transfer function

[1'. JInput axis alignment

[V-A. Spring constant

IV-B. Signal generator scale factor

v-A. Damping coefficient

V-B. Change in damping coefficient with operating temperature
VA, Characteristic time

All other values are calculated from the data on results of these

tests,

(3]
r
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The phase convention test 1s performed first because therein are
determined the positive and negative sense of the signal generator
and torque generator signals., The low range torque generator and
signal generator transfer functions are grouped together because
these values will be necessary for other tests to be performed which
are not included in this report. In particular, certain drift informa-
tion would be desired early in the life of the gyro and would follow
the tests in Group II. Information concerning the alignment of the
input axis is not necessary for these tests because they are referenced
to zero inputs to the gyro arbitrarily. The input axis alignment test
is performed next, however, so that proper alignment procedures may be
effected should the need arise.

The spring constant test and signal generator scale factor test
are grouped together because their values are related to each other.
Morcover, both tests require the same gyro orientation and the use of
special vlectronic equipment to maintain the gyro loop at some cff-null
signal generator voltage,

The damping coefficient tests are logically grouped together and
are followed by the characteristic time test.

wote that all tests after the input axis alignment test, except
for the signa! penerator scale factor test, may be performed with the
svro wheel off.  This etfectively lengthens the life of the gyro, thus
allowin, more time to be spent on drift tests or aliowing the gyro
to be used in a stable platform for a reasonable time after undergoing

test s,
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APPENDIX A

Single Degree Of Freedom Gyroscopic Equation Of Motion

The torque produced by a single degree of freedom gyro is given by
the product of the angular momentum and the input angular velocity,Hc, .
Ideally, in the absence of error torques, this torque must overcome the
inertia reaction torque of the gimbal,Jéa; the damping torque, CO, ; and
the spring restraint torque, K&,. The ideal equation of motion may then

be written as

JE, (4 K6, = o, oo

The solution of the reduced equation gives the response to a step angular
{nput:

(A-2)

For an integrating rate gyro,
U Y4 dNA (4-3)
Thus (A-2) may be written
@C . 8 /‘-4‘ exp (— 7;/_ approximately, (A-(‘)

where the time constant is

~ =
/

c \la_‘

(A-5)

ro
o~




For the steady state, with the approximation (A-3), (A-1) becomes

He,
_H (4-6)
= £ “

Y

OK

o

the mechanical gyro transfer function. If the signal generator output
voltage is proportional to the gimbal angle, so that

= 9, (A-7)

then from (A-6)

y O
—2. _ ﬁg{ k == [ (A-8)
S, C ™= U

the signal generator gyro transfer function.

I1f the torque generator scale factor is defined as the ratio of the
torque to the command torquer current,

T
b= 7o

(A-9)
7

and the gyro is operated in a loop closed through the torquer, then the
torque applied by the torquer must equal the input torque.

Ty = He

(A-10)
s T
or 7rf o %%~\

The torquer transfer function is defined as

(v, = + = J%j__ (A-11)




Keturning tec equation (A-l) and solving in operator form,

1
4 a
vy = TTTE T (A-12)

K

C

Since it is convenient in servomechanisms to express the coefficlents of
serond order systems in terms of the damping ratio and the undamped natural
frequency, (A-12) may be rewritten

4

= Lo+ _: f;‘/‘ S -+ «,\“m(_ (a-13)
/
f1om which
4 K
Ao, = \T (‘\_14)
aund
£ '
) (A-15)

G & VP
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APPENDIX B

The Standard Deviation (07 )

The standard deviation is a much maligned term in inertial navigation,
particularly with regard to drift rates.

The standard deviation is defined as the second moment about the mean.
In this respect, the standard deviation is simply the moment of inertia
about the mean of the area under the frequency distribution curve of the
data. Algebraically, the standard deviation is defined by the equation?

n N2/
7" = Z (%C'@l 2 (B-1)
=]

N

where the X, are the various data points, X 1s the arithmetic mean of the

X, , and N is the number of data points. Note that the algebraic form is
similar to that for the rms devidtion of a seg ef data from expected value
or values,

The interpretation placed on the standard deviation must assume some

form of the frequency distribution curve., A truly random distribution about
a mean value will have a distribution curve known as normal, or Gaussian
(Figure 4 ). The significance of the standard deviation for this curve, 1if °
the number of samples is large, is that approximately 68% of all values will
fall within + 77 of the mean, 95% will fall within + 27 of the mean, and 997 y
will fall within + 30 of the mean. Figure £ 1s a curve showing the per- '
centage falling in the limits of + 47 from the mean for a Gaussian distribu-
tion, TIf the frequency distribution is not Gaussian, then these interpretations
cannot be applied. If no evidence indicates other than a truly random distrib-
ution about the mean, however, the Gaussian distribution may be assumed.

The above interpretation of the standard deviation is based on a large
number of samples. It may be shown that the standard deviation for a sample
of size n will deviate from the standard deviation of an infinite sample
size for the same Gaussian distribution. This deviation is expressed by

T = [ & - (B-2)

\J -,
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~Btreem.

with the above interpretation of the standard deviation, it is desirable
that equation (B-1) be adjusted so that is is more representative of a
large sample. Thus, from (B-1) and (B-2),

=, = /'—L Z/Z(X“>2>L
Joo n-| _—T_

- ’Z/x_‘vi)L )
7“7:/‘*

The difference between the form (B-1) and (B-3) is small for large
If r > 10, the difference is less than 67.
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APPENDIX C

Bon-Linearity And Random Effects

As in the torquer transfer function test, it may be desired to measure
the non-linearity of a device where other random effects are also present,
such as random drift. At any one point, then, it is impossible to isolate
the countributions of torquer non-linearity from random drift effects, both
which appear as non-linearities. The following derivation leads to a stat-

istical method of separation.

Two basic assumptions are made: that the non-linearity of the torquer
is randomly distributed with respect to the least squares line, which is one
aim of the least squeres method, and that the standard deviation of the ran-
dom drift 1s representative of the technique and time intervals used in the

torquer transfer function test.
th

If the total linearity error at the data point is d . due to con-
tributions from the non-linearity of the torquer d, , and from the instant-
aneous error in the average drift d,  , then

{ood
Fro &L+ ‘fﬁ- (Cc-1)
o

Averaglug over + data pointg

e = (C-3)
" n By Y
«: 4
AR " i (C-4)
— / . . R
2 = \ik a: _ - Z< &
[y — / / i o I
Yy | S S La = w - K L‘
2t n }




i

where on;, 1s the Kroenecker delta, having the value 1 when Cﬂ;n , and the
valuve 0 when f#;i.
<
Now .4<L(DL _ C) (C-5)
~ —

since this is the average value of the drift, which is zero for the orient-
ation of the gyro in the torquer transfer function test. Thus, (C-3) be-

comes
T\ n/ L TRY
L) LU, L)

n N

—_— = Lz (=1 (C-6)

N

which by definition of the standard deviation, may be writte.

5. = G + G (c-7)

Thus, if “+ 1is calculated from the data, and Jo {s known from a drift test,
then 77 , the rms non-iinearity of the torquer, may be calculated.
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APPENDIX D

- Least Squares Method of Determining
The Best Linear Fit To A Set Of Data

Where a linear fit is desired to a set of data in two variables, the
method of least squares provides a rather simple technique. The method
assures that the sum of the squares of the deviations of the data from the
straight line obtained is a minimum. It is not sufficient that the sum of
the deviations be a minimum (zero), since any line passing through the point
represented by the average values of the variables fulfills this condition.

The least squares method assures that this second condition is fulfilled
also.

The algebraic representations of these conditions are called the nor-
mal equations, which are

1 n
}c:: t} - ha + E;Xk (D-1)

r n
g o s b
= ) ~+ :
and L ¢ Y AL L W

X (D-2)
where a and b are the intercept and slope of the desired line,
Solving (C-1) and (C-2)




where X and ; are the average values of x and y, and

E- (};7&‘% - V)’JZL;
a (D-5)

2 =2
Jxt-ng

A typical calculation is shown in Table I , with the data and least
squares line plotted in figure 6 . Also shown in the figure is a
line which was fitted to the data by the ''eyeball" method.

The best check against the calculations performed in determining the
coefficients a and b is to plot the raw data and plot equation (D-3).
If a gross error in the calculations exists, it will be immediately
obvious from the lack of fit to the raw data.
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TABLE 1

DATA AND LEAST SQUARES CALCULATIONS FOR FIGURE 6

X X
USmrrwrs . « 3. AR AERes 3.5
O T 5.0
L 40 P YTTrm Sl T 6.5
2135 rr T AT A AT 8.0
NN R —— 11.0
0P 9 A . W R W Seeede 9.0
G 00] or . JamaaarrE . RREE IR
5.0 vt e e 15.0
B PE N L. . 12.5
SRl merrrrEE s . . 17.0
n - 10
Jx = 33.5 b= 1.7326
N 31,359 a 4. 1458
s 112,225
\jL)_S
S

2
sz, 420,0
nxgy 333,329
TxP. 162,25

32-A
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APPENDIX E

Polynomial Regresslon

o higher degres Lhgn g st !

it ray be desived to tit a3 curwve o
i~e to a set of data, The lesst squares method used ia Appendix D van
aiso be applied to other algebraic forms. In such curves as exponent.il
o.d Llogarithmic func £ ions, the linear least squares nmethod wy he se!

1

with the proper subs € itution of variables.

the polviomi al forw
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where D = n(ZX"Zx‘*_Zﬁzx-ﬁ+ZX(ZXBZXZ~ZXZJ)

# D (Zx Ty - Zx v (B
Mom 2y (070 Do D30y - Zug 2
+ le(fx}ZxL 2\ 7‘Zx.3> (E-5)

M BB 00 L (en 5
u ZXZ(ZXZXZ} ‘Zx‘gle) (E-6)

/\/2 =i Vi (ZXZZ)LZ; - ZZBZXQ'*'EX(ZY}EXiZ;ZXZ%) (E-7)
+ 20 (53 - 2iigy )

This formidable set of equations actually contains only the follow-

ing elements:
4 2%
gy—’ Z(}
k} Zi?
ZX ZX«}

0f these, only the following have not been calculated in the solu-
tion for the damping coefficient by calculating the least squares line:

h
2"
2x’y

Thus, the calculations are not as tedious as they might at first
seem,
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